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Free Probability for Pairs of Faces III: 
2 - Variables Bi-free Partial S- and 
T -Transforms 

Dan-Virgil Voiculescu 

Abstract. We introduce two 2-variables transforms: the partial 
bi-free ^'-transform and the partial bi-free T-transform. These 
transforms are the analogues for the bi-multiplicative and, respec¬ 
tively, for the additive-multiplicative bi-free convolution of the 2- 
variables partial bi-free i?-transform in our previous paper in this 
series. 


0. Introduction 

In the first paper in this series [9] we proposed an extension of free 
probability to systems with left and right variables, based on the notion 
of bi-freeness. Due to the recent work (ini, m. n. la. 0.0.0) 
we already have a much better understanding of bi-free probability. 

Here, we complement our paper [m on the 2-variables bi-free R- 
transform with two further 2-variables partial transforms adapted to 
the bi-multiplicative operation KKI and to the additive-multiplicative 
operation fflIEl. In view of free-probability it was obvious to use the 
letter S for the first transform, while for the second which corresponds 
to passing from bi-free pairs (oi, 61), (02, ^2) to (oi -b 02, &1&2) we went 
for T the next letter in the alphabet. 

Like in the case of addition na we found that also for multiplica¬ 
tion instead of our original approach to the one-variable S'-transform 
|12j . one of the proofs of U. Haagerup in |6] was very suitable as a start¬ 
ing point for the bi-free generalization. The additive and multiplicative 
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cases being closely related in [ 6 ] , we will be able to make also snbstan- 
tial use here of our work in [lOj on the bi-free partial /^-transform. 
Since a combinatorial proof for the partial i?-transform was found in 
[ 8 ] and there is also combinatorial work for handling multiplication of 
bi-free systems of variables using additive bi-free cumulants [ 1 ] it is to 
be expected that a combinatorial approach to the 2 -variables partial S- 
and T-transforms we consider here is possible. On the other hand, the 
study of infinite divisibility for additive bi-free convolution of probabil¬ 
ity measures on in [ 5 ] may not have an immediate analogue for the 
operations considered here, since the result of the operations KIKI and 
fflKI on probability measures seems to produce signed measures only in 
general. 

The paper has hve sections including the introduction and the pre¬ 
liminaries in section 1 . The next two sections, sections 2 and 3 , deal 
with the essential parts of the proofs for the partial S- and respectively 
T-transforms. In the last section, section 4 , we collect the immediate 
consequences of the work in the previous two sections. 

1. Preliminaries 

1.1. Bi-freeness. For the definition of when two two-faced pairs 
(ai,6i) and (02,62) in a non-commutative probability space (.A, (p) are 
bi-free we refer the reader to [9]. We should note that in the present 
paper we actually will not have to take our arguments all the way to 
the technical definition of bi-freeness, since we will in essence take as 
starting point a result in [lOj . which is Lemma 2.3 of the present paper, 
giving a certain consequence of bi-freeness. We will also use some of 
the simplest properties of bi-freeness and the definition of multiplicative 
bi-free convolution [S]. 

1.2. Notations. The notation we will use like in uni is a combi¬ 
nation of the usual notation from free probability for the S'-transform 
( [12j . [r3| i with notations used in the paper of Haagerup m) and some 
natural two-variable extensions of these. 

If {A, (p) is a Banach-algebraic non-commutative probability space, 
that is, A. is a unital Banach algebra over C and : A. —)■ C is a 
continuous functional so that 93(1) = !. \i a & A and t,z E C are 
so that zl — a and 1 — ta are invertible we shall consider Ga{z) = 
p>{{zl — a)“^) and ha{t) = (p((l — ta)~^). If t 7^ 0 , then ha(t) = 
In the definition of the S'-transform we also use ipait) = 
ha(t) — l, which in part of [ 6 ] is also denote la(t). We shall also deal with 
certain two variables analogues Ga,b{z,w) = p>{{zl — — 6)“^) 



FREE PROBABILITY FOR PAIRS OF FACES III 


3 


and Ha, bit, s) = (^((1 — — sb)~^) where a,b E A, z,w, s,t E C 

are such that the inverses of zl — a, wl — 6,1 — to, 1 — exist. 

If (^(a) 7^ 0 , then 'ipaiS^) = 0 , V’a(O) = 7^ 0 so that ^l)a has an 

inverse function A’a(z) in a neighborhood of 0 . The S'-transform is then 
Sa{z) = ^^Xa{z). The key property of Sa{z) is that if 01,02 G {A,^) 
with (p(oi) 7^ 0, 95(02) 7^ 0 independent, then Sa,a2{.z) = Sai{z)Sa2{z). 

We also recall the i?-transform (nn, na). Let Ka{z) be the inverse 
of Ga{z) in a neighborhood of 0 and then Ra{z) = Ka{z) — z~^. 

We will be dealing with these quantities as germs of holomorphic 
functions and in this vein say that ha{t) is “holomorphic near 0” or 
Ha,bit, 0 ) “holomorphic near ( 0 , 0 ) E C^”, etc. 

We should remark that frequently the indices for previous quantities 
are fia, fJ-b, t‘‘a,b that is the distributions of the variables, instead of the 
variables themselves. Clearly, the quantities 

Ga^ hai ' 4 ^ai Ga,b) Ha,b, ‘Ta; Sa 

depend only on the distributions of the variables, the present notation 
using the variables is just a convenient abbreviation. 

1.3. Formal Power Series. The quantities 

Gai hai ' 4 ^ai Ga,bi Ha,bi ^ai 

can also be dehned in the purely algebraic context when A is an algebra 
over C and 99 : .4, —)■ C is a linear map. Then 

G.(z) = 

n>0 

fc >0 

Ga,biz,w)= 

m>0,n>0 

Ha,bitis)= 

p>0,q>0 

and if 99(a) 7^ 0 also Aa(z) and Sa(z) = Yhkgeo^kZ^ dehned as 
formal power series. See 4.5 below concerning why proofs carried out 
in the Banach algebra context in the end give results which also hold 
for formal power series. 
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2. The partial bi-free S'-transform Sa,b{z,w) for a two-faced 

pair of variables 

2.1. Throughout section [2] (.4., ip) will be a unital Banach algebra 
A endowed with a unit-preserving linear expectation functional (p. 

Definition 2.1. If (a, 6 ) is a two-faced pair of non-commutative ran¬ 
dom variables in {A, p>) so that (p(a) ^ 0 , tpip) ^ 0 , we define the 
2-variables partial bi-free S'-transform as the holomorphic function of 
(z,w) G (C\{0})^ when z,w are near 0, 

, z + Iw + 1 / 1 + z + w 

^a,b{z,W) — I 1 — / -y / \ 777 ^ 

Z W \ Ha,b\^a\Z)^Xb\Wj) 

Since this involves only the joint distribution pa,b of (a, 6 ), we shall also 
write for Sa,b{z,w). 

Our aim in section [2] will be to prove the following theorem. 

Theorem 2.1. Let {ai,bi) ( 02 , ^ 2 ) be a bi-free pair of two-faced 
pairs of non-commutative random variables in (4., (p) so that (p(ai) 7 ^ 0 , 
(^( 02 ) 7 ^ 0, (p{bi) 7 ^ 0, 95 ( 62 ) 7 ^ 0- Then we have 

Sa\a2 ,b\b2^^) Sai ,b\{^Z ^ Sa2 ,b2^^ t ^') 

for {z^w) G (C\{0})^ near (0,0). 

2.2. In preparation for the proof of the theorem we will have a 
few lemmas. The following result is from the paper by Haagerup m), 
a proof is given for the reader’s convenience. 

Lemma 2.1. Let 01,02 G {A,(p). Ifti,t 2 G C\{0} are near zero and 
satisfy 

harih) = ^( 0 ) = h^{0, 1 } 
then with p = {h{h — 1))”^ and 

h 

t — -J -7^l^2 

we have 

(1 - tiOi)(l - poi(ti)o 2 (t 2 ))(l - 0 ^ 2 ) = r(l “ ^ 0102 ). 

h 



Proof. We have expanding 

(1 — tiOi)(l — pOi (61)02(^2)) (1 ~ ^2^2) = Cq -f CiOi -|- C2O2 -|- C3O1O2 
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where 


C 3 = ^1^2(1 - Phai{ti)ha^{t 2 )) 


h — 1 

Co = 1 - p(l - hai(tl))(l - ha^{t2)) 

. (1 - hy 1 

h{h — 1 ) h ’ 

Cl = -ti{l + pha^{ti) - pha^{ti)ha^){t2)) 


— —ii ( 1 + 


h-h^ 
h{h-l) 
C2 = —^2(1 ~ 1 ) = 0 , 


0 , 


similarly. Thus Ci = C2 = 0 and 

/ h 

C:ilcQ — —tit2 ^ ^ 


This gives 


Co T Cicii + C2CI2 + C 3 Ctia ,2 — Co ( 1 H-^1^2 

Co 


— -^(1 — taia 2 )- 


□ 


2.3. In case 01,02 are freely independent we can produce ^1,^2 
satisfying the assumptions of the preceding lemma using the quantities 
in the dehnition of the S-transform ( |12j ). 

Lemma 2 . 2 . Assume 01,02 G (.A, (p) are freely independent and 
(p(ofc) 7^ 0 , A; = 1 , 2 . Then for z sufficiently close to 0 taking = 
k = 1 , 2 , we have that 

haiih) = ha^{t2) = z + 1 
and if, moreover, z 0 then we also have 
H~ 1 

t = - tit2 = Xaiaiiz) and Va2(A) = 2: + 1- 

z 

Further, if z 0 and p = (2;(1 + 2;))“^ then 

(1 - tiOi)(l - poi(fi)o2(t2))(l - ^2^2) = “ AO1O2). 

2: + 1 
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Proof. Since {z) = ha^. {z) — z and Xa,. is the inverse of ^’0*. we get 
that tk = Xa^{z) will satisfy = 2; +1, /c = 1, 2, and we can apply 

Lemma 2.1 to these ^1,^2 to get the remaining assertions. Note that if 
z 7^ 0 is sufficiently close to 0 , then z + 1 ^ { 0 , 1 }. Then also 



□ 


2 . 4 . The next result we record as a lemma is a variant of a result 
from Part II ( [lOj . Lemma 2 . 9 ). The proof being the same, with the 
only difference that ||pai(fi)a2(f2)|| < 1, ||c’'&i(si)&2(s2)|| < 1 are now 
among the assumptions, instead of assuming |p| < C, |cr| < C and 
deriving these inequalities from ||afc(ffc)|| —)■ 0, ||fefc(sfc)|| —)■ 0 as 4 —t 0, 

Sk 0 . 

Lemma 2 . 3 . Assume the two-faced pairs (ai, 6 i), (02,4) in {A, ip) are 
hi-free and that ||pai(fi)a2(t2)|| < 1, ||o'&i(si)62(s2)|| < 1, ||4afc|| < 1, 
lisfc&fcll < 1 ; where p, a, fi, 4 , si, S2 G C. Then we have 


p(((l - fiai)(l - pai( 4 )a 2 ( 4 ))(l - 4^2)) ^ 


((1 - Si6i)(l - (Tbi{si)b2{s2)){l - S 2 & 2 )) 


(<p((ai(fi)6i(si)) + haj ( 4 )h;,j (Si))(<p((o2(t2)^2('S2)) + (4)^62 (S2)))) 


1 - pap(ai(fi)4(si))p(a2(4)&2(s2)) 


2 . 5 . We can now start combining the preceding results in the next 
lemma. 

Lemma 2 . 4 . Assume the two-faced pairs (ai, bf) and (02, 4 ) in {A, p) 
are bi-free and assume that p{ak) 7^ 0 , p{bk) 7^ 0 , fc = 1 , 2 . If z,w G 
C\{ 0 } are sufficiently close to 0 then 

i ^aia2i.z)^ tk ^ '^6162 (^)) 

Sk = ^bt,{z), k = 1,2, will be 0 and will also satisfy \\{z{z + 
l))“^ai(ti)a2(4)|| < 1 and ||(w;(m; + I))“^6i(si)fe2(s2)|| < 1 and 


haiaaW = ha^fi) = ha^{t2) = 2: + 1 ^ {0, 1} 
hbih 2 {s) = V(si) = ^{,2(52) = W + 1 ^ { 0 , 1 }. 
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Moreover, we have: 

{z + “1“ l)-^aia2,feib2 '®) 

Ha\,b\ (^ 1 ) Sl)Ha2,b2 (^ 2 ) > 52 ) 

^ ~ zw{z+l)(w+l)^^ -^l) “ (^ + 1 )('^ + l))(-^a2,b2(^2, ^2) “ (^ + 1 )('?P + 1 )) 


Proof. As we saw in Lemma 2 . 2 , since 'ipa{z) = ha{z)—l, if ip{a) fz 0 , so 
that t/’a( 0 ) = 7 ^ 0 Xa{z) exists, we have ha{Xa{z)) = ;7 + 1 for 

2; in a neighborhood of 0 . This takes care of the fact that the assump¬ 
tions for the application of Lemma 2.1 to oi, 02, ti, ^2 and, respectively, 
hi, &2, si, S2 are satished. The fact that |l(2:(2:+l))“^ai(ti)a2(t2)|| —)■ 0 as 
z ^ 0, z 0 follows from ||afc( 4 )|| = 0 (| 4 |) = 0 {\Xa^{z)\) = 0{\z\) 
so that ||( 2:(;7 + I))~^ai(ti)a2(f2)|| = 0 (kl) as ;7 —)■ 0 . Similarly, if 
w 0 , |j(tc(tc + 1 ))“^&i(<Si)62(’S2)|| —)■ 0 as tc —)■ 0 . This verihes that 
the assumptions for the application of Lemma 2.3 are satished. 

In view of Lemma 2 . 1 , the left-hand side of the equality in Lemma 2.3 
becomes for the present choice of ti,t2 

{z+l){w+l)ip{{l-taia2)~^{l-sbib2)~^) = {z+l){w + l)Ha^a2Mb2ii, s). 

On the other hand, the numerator of the right-hand side of the 
equality in Lemma 2.3 is 

^ai,bi (tl, S\)H(i 2 ^b 2 (O) 'S2) 

because 

= ip{{ai{ti) + ha^{ti)l){hi{si) + hb^{si)l)) 

= (p{ai{ti)bi{si)) + ha^{ti)hb2{s2) 

and a similar equality holds for Ha2,b2if2, S2)- Further on, the denomi¬ 
nator of the right-hand side in Lemma 2.3 is 

1 - p(J(p{ai{ti)bi{si))ip{a 2 {t 2 )h 2 {s 2 )) = 

1 

^ 7 \ 77 7 i '^{,Ha^b\ (fl, 'Si) 

z{z - 1 - l)w{w -f 1 ) 

— (^ -|- 1 l))(iLa2,62(^2, -52) — (^ + l)('u; -|- 1 )) 

which concludes the proof. □ 

2.6. Proof of Theorem 2.1. The equality to be proved in The¬ 
orem 2.1 is just another form of the equality in Lemma 2.4 and can be 
obtained from the lemma by some simple algebraic manipulation. 
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It will be convenient to use some abbreviated notation: 

(z + l)(ta + 1 ) = / 5 , zw = a 

Si) = Hi, Ha2,b2{t2, S2) = H2 
-^aia2,bi62 (^5'^) -^ 12 * 

Since we have ti = Xai{z), t2 = Xa^i^z), = Xa,^a2{^) ^md similar for¬ 
mulas for si, S2, s, we see that the equality to be proved in Theorem 2.1 

is: 

= ^ (l+ ^ ^ 

Hi J a 


^ ^ a -/3 


a 


H 


12 


a 


H2 


On the other hand the equality in the lemma after taking inverses gives 
1 1 1 {Hi-/3){H2-/3) 


(3Hi2 H 1 H 2 aP 


This gives 


1 - 


/S 


+ 


PH 12 H1H2 \ a 

The right-hand side becomes successively 
1 


H1H2 


+ 


a \ H H, 


1 

aP 


a(a — P) 
1 


(a — PY ^a — P^a — P 


a{a — P) 

1 

a{a — P) \ Hi 


H1H2 
a — P 
Hi 

a — P 


+ 1 
+ 1 


Hi H2 

a — P 


H2 

a — P 
Ho 


.ij- 


1 

aP 

1 


1 1 
+ 


a \a — P P 
1 


P{a- P) 


Hence the equality in the lemma gives 


P{a-P) V H 


a — P 


'12 


+ 1 = 


a — P 
a{a — P) y Hi 


Multiplying with ^ we get 


P f a — P 


a 


H 


12 


+ 1 = 


f a — P 
V Hi 


+ 1 


+ 1 


a — P 

Ho 


a — P 
Ho 


+ 1 


+ 1 


which concludes the proof. 


□ 


3. The partial bi-free T-transform TaY^,w) for a two-faced 

pair of variables 

3.1. Throughout section [ 3 ] (M, (^) will be a unital Banach alge¬ 
bra A endowed with a unit-preserving linear expectation functional ip. 
The T-transform will be a transform adapted to the bi-free additive- 
multiplicative convolution, which could be denoted fflKI. It corresponds 
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to the operation on bi-free two-faced pairs of variables (oi, bi), (02, ^2) 
which yields (oi -|- 02, &i&2)- 


Definition 3.1. If (a, b) is a two-faced pair in [A, (p), so that (p{b) 7^ 0 , 
we dehne the 2 -variables T-transform as the holomorphic function of 
{z,w) e (C^\{ 0 })^ near ( 0 , 0 ) G 

z 

Fa,b{K^{z),Mw)) 

where Fa^f,(t,s) = — a)“^(l — sb)~^). Since this involves only the 

joint distribution of (a, 6) we shall also write instead of Ta^b- 

Our aim in section [ 3 ] will be to prove the following theorem. 

Theorem 3.1. Let {ai,bi) (02,^2) be a bi-free pair of two-faced 
pairs of non-commutative random variables in so that p{bi) 7^ 

0 , 93(62) 7^ 0 . Then we have 

(^5 ^)^a 2 ,b 2 (^) ^) ^01+02,bib 2 (^! ^) 

if{z,w) G (C\{ 0 })^ are near ( 0 , 0 ). 

3.2. The proof will be along similar lines to the proofs of the 
partial bi-free R and S transforms. For the right half of T, which is 
multiplicative, we will be able to use lemmas from section [ 2 J To deal 
with the left half, the additive half, of 5 some of the material used 
in |10j can also be used here. Since this is another paper we will recall 
the facts we need, sometimes leaving out the proofs. 

3.3. The lemma which follows gives a result from the paper by 
Haagerup [6], which we also used in HD] and accompanied there by a 
proof, which will be omitted this time. 

Lemma 3.1. Let 01,02 G {A,p) and assume ti,t2 G C are sufficiently 
close to zero and satisfy tiha^ifi) = ^26.03(^2) o,nd p = (h^j (fi)ha2 (^2))“^ 
and t = -r — ^ 1 AFC defined. Then we have 

(1—tlOi)(l—p0i(ti)02(t2))(l—^ 202 ) = ^ \- (1—t(Oi-|-02)). 

hai (^1)002(^2) 


Ta,b{z,w) = 


W + 1 


W 
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3 . 4 . In case 01,02 are freely independent we can produce ti,t2 
satisfying the assumptions of the preceding lemma using the quantities 
involved in the definition of the /^-transform m) 

Lemma 3 . 2 . Assume 01,02 are freely independent in {A,(p) then if 
z G C\{ 0 } is sufficiently close to zero taking tk = {Ka^{z))~^ we 
will have tiha^{ti) = ^2^03(^2) = ^ and p = {hai{ti)ha2{t2))~^, t = 
will be defined and \p\ < 2 . Moreover, we will also have: 
hai+aaW = V (tl) + (^ 2 ) “ 1 Ond W = tlhaiifi) = t2ha^(t2) ■ 

Proof. We have that if tk = {Ka,.{z)) ^ then tkha,.{tk) = Gaki^k^) — 
Ga,.{Ka,^{z)) = z. This also gives in view of the freeness of 01,02 that 
if z 7^ 0 is close to zero: 

= (Ka.iz) + K,,{Z) - Z-^)-^ 

= - {hak{tk)tk)~^)~^ 

= 4hafc(4)(hai(tl) + ha2{t2) “ 1)"^ = t 
and hence thai+a2(t) = Gai+a2{Kai+a2{^)) = 2:. Moreover this also gives 
z{hai{ti) + ha^{t 2 ) - 1)"^ = t = z{hai+a 2 {t))~^ 
which implies 

hai+a 2 if^ T ^^3(4) !• 

Remark also that if 2; —)■ 0 then Ka,,{z) ^ 00 so that tk ^ Q and 
hakifk) —t 1 . Thus if 2; is close to 0 we will have p close to 1 , in 
particular |p| <2. □ 

3 . 5 . We will now apply Lemma 2.3 with ti,t2,t,p chosen like in 
Lemma 3.2 and Si, S2, s, a as in Lemma 2 . 2 . 


Lemma 3.3. Let (oi,6i) and (02,4) be two two-faced pairs in (M, (p), 
which are bi-free and assume (f{bk) 7^ 0 , fc = 1 , 2 . Let further z,w ^ 
C\{ 0 } be sufficiently close to 0 and lett = {Kaj^^a2{z))~^, tk = {Kaf.{z)) 
s = Xh^h^i^w), Sk = 44^,(to), fc = 1 , 2 . Then we have: 


— z{w + l)ifai-ha3,bi,62(^,s) 

tlt 2 



1 


Ha\ ,bi (^1 1 )-^a2,62 (^2 7 ^2) 

(id,,,,( 4 ,Sl)-^) (Lfa 3 , 6 ,( 4 ,S 2 ) 


2(10-1-1) \ 

2 ) 


Proof. We shall apply Lemma 2.3 with oi, 02, &i, 4 , 4 ) 4 ,-Si, S2 as 
specihed in the statement of the present lemma and p = {ha^ (4)ha3 (4))’ 
a = (4fe(sfe)(4j,(’SA:) — 1))”^- For 2: close to 0, tk are also close to 0 
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and hence p will be close to 1 while ||afc(tfc)|| will also be close to 0 , 
so that the condition ||pai(ti)a2(t2)|| < 1 will be satished. Similarly, 
if w is close to 0 , as explained in the proof of Lemma 2 . 4 , we have 
a = {w{w + 1 ))“^ and we will have ||ct6i(51)62(-52)11 < 1 since it is 
0 (|tc|) as tc —)■ 0 . Also clearly || 4 oa:|| < 1 , 11 - 5 ^ 6^11 < 1 are satished for 
small and w. 

In view of Lemma 3.2 and of Lemma 3.1 we have 


(1 - tiai)(l - pai(ti)a2(t2))(l - t2a2) 
hai {tl) + ha2 (^2) — 1 , 


hai (tl^ha^ (^ 2 ) 


-(1 — t(ai + 0,2)) 


k 


ai+a 2 


it) 


hai it I ) ha 2 (^2 
tlt 2 


-(1 — tifli + 02)) 


tz 


(1 — t(ai + 02). 


Similarly using Lemma 2.2 and Lemma 2.1 we have 


(1 - si6i)(l - a6i(si)62(s2))(l - S262) = —^r(l - -56162)- 

w + 1 


It follows that the left-hand side of the formula in Lemma 2.3 equals 

tz{w -\- 1 ) 


tit 


-H, 


l'-2 


ai+a 2 ,bib 2 


ihs). 


The numerator of the right-hand side in Lemma 2.3 always equals 
Hai,biitii si)Ha2,b2it2, 82)- To See that also the denominator in the right- 
hand side of the present lemma equals the denominator in the right- 
hand side of the formula in Lemma 2.3 it suffices to notice in addition 
to the fact that a = (t(;(tc-|-l))“^ also that p = ihaiiti)ha2it2))~^ = ^ 
and that ha^itk)hb^{sk) = j^iw + 1 ). □ 


3.6. Proof of Theorem 3.1. To prove the theorem we need to 
work more on the equality in Lemma 3 . 3 . It will be convenient to 
abbreviate notation by writing Hk for Haf.fi^itk, Sk), k = 1,2 and H12 
for Hai+a2,bib2iti - 5 )- Taking inverses the equality in Lemma 3.3 becomes 

tlt 2 1 _ 1 A _ w + 1 \ tit 2 ^ 1 J_ ^ 

tz{w + 1 ) Hi2 H1H2 \ W ) z‘^w{w -|- 1 ) Hi ZW H2 zw 
We use now tHafiit,s) = Fa^h(t~^,s) and the abbreviations 
Fk = Fa^fikitk i^k), Fi2 = Pai+a 2 ,feife 2 )- 5 )- 
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We have after multiplying by {tit2) 

w 1 _ _ 1 _ 1 fill 

z{w + 1 )Fi2 F1F2 z‘^{w + l)~^z Fi~^ z F2 

Multiplying with — and moving terms we get 

w + + 'W^ + lA_2:\ 

w V -^12/ w V -^1/ ^ \ -^2/ 

which is what we wanted to prove. □ 

4. Concluding remarks 

4.1. After having established the transforms in the preceding two 
sections, it will be now easy to get some improvements of the results 
and derive some consequences in the present section. 

4.2. Analytic extension. In Dehnitions 2.1 and 3.1 the S and T 
transforms were dehned assuming that the variables satisfy z ^ 0 and 
w ^ 0 . These conditions will be removed now. 

Proposition 4.1. 

a) The transform Sa^k{z,w) extends to a holomorphic function of 
(z,w) in a neighborhood 0 /(0, 0) G C^. 

b) The transform Ta^h{z,w) extends to a holomorphic function of 
(z,w) ina neighborhood 0 /(0, 0) G C^. 


Proof, a) We recall that if 99(a) 7^ 0 , (6) 7^ 0 

c, / X z + lw + 1 f 1 + z + w \ 

Sa,b{^:W) = - 1 - 

z my FIXi,{w) J 

was dehned originally for {z,w) G (C\{ 0 })^ close to ( 0 , 0 ). We have 
Ha,bit, s) = Ylip>o ill cl neighborhood of ( 0 , 0 ) so that 

Ha,b{t, s) = ha{t) + hb{s) - 1 + str]{s, t) 

where 'f]{s,t) is a holomorphic function of {s,t) in a neighborhood of 
( 0 , 0 ). Using ha{Xa{z)) = z + 1 , hb{Xb{w)) = m + 1 we get 

z+lw+ lXa{z)Xb{w)rj{Xa{z),Xb{w)) 

'^) — U ( -y ( \ -y ( \\ 
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which gives a holomorphic function in a neighborhood of ( 0 , 0 ) since 
z~^A^a(z) and w~^A^h(w) have removable singularities at 0 , their values 
at 0 being ((/)(a))“^ and ((/)( 6 ))“^ and moreover IIa,b(‘^a(0), ‘Vb(O)) = 1 - 
b) Similarly, if (p(b) ^ 0 we had defined 


Ta,b{z,w) = 


w + 1 


w 


Fa,b{Ka{z),Myj)) 


where {z,w) G (C\{ 0 })^ are close to ( 0 , 0 ). Here 
Fa,b{^, s) = 

= t-P-h^ipiaPb'^) 


p>0,q>0 

= Gait) + s) 


where 6 *(t,s) G Ylip>oq>ot~'^~^s^~^ipiaPb'P) is holomorphic in a neigh¬ 
borhood of (cxD, 0 ) G (C U {cxd}) X C. Since GaiKaiz)) = z, Ka{z) = 
z'^—lKiz) where Kiz) = 1 + zRaiz) is holomorphic near 0 and d 4 (s) = 
wXiw) where X is holomorphic for tc in a neighborhood of 0 we get 
that 

. _w + l Xi,iw)QiKaiz),Xi,iw) 
w Z-^Fa,biKaiz),X,iw)) 

_ (w + l)Xiw)QiKaiz),Xhiw)) 
Z-^Fa,b{Ka{z),Xb{w)) 

Since Ka is analytic from a neighborhood of 0 to a neighborhood of oo, 
QiKaiz), Xbiw)) is holomorphic in a neighborhood of ( 0 , 0 ) G and 
thus the numerator in the last formula is holomorphic near 0 . On the 
other hand the denominator is 


zPiKiz))-P-\Xt,iw))MaW) 

p>0,q>0 

which is holomorphic in a neighborhood of ( 0 , 0 ) G and eqnal 1 when 
z = 0 , w = 0 . Hence Ta^iz^w) extends to a holomorphic fnnction of 
(z,w) in a neighborhood of ( 0 , 0 ). □ 


Remark 4.1. In view of Proposition 4.1 we will go beyond Defi¬ 
nition 2.1 and Definition 3.1 from now on and view Sa,b{z,w) and 
Ta^biz,w) as defined in a neighborhood of ( 0 , 0 ). 

4.3. The case of factorizing 2-band moments. In a sense the 
transforms Sa,biz,w) and Ta,fe(x,tc), behave “like covariances”, that is 
they are trivial in the case of a and b which behave like classically 
independent. 
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Proposition 4 . 2 . Let a,b E be such that 

for al p > 0 , q > 0 . Then if (p{b) ^ 0 we have Ta^i,{z,w) = 1 and if 

additional also (p(a) ^ 0 then 

*S'a,fe( 2 :,w) = 1 . 


Proof. Under the assumptions in the proposition we have Fa^b{t, s) = 
Ga(t)hb{s) and Ha^b(t,s) = ha(t)hb{s). Hence we have 

F^^b{Ka{z), Mw)) = Ga{Mz))Ha{XbH) = z{w + 1 ) 

and 


Ha,biXaiz), XbH) = haiXaiz))hbiXbM) = (z + l)iw + 1 ). 

This gives 


Ta,b{z,W) = - I 1 - 


W 


= 1 


and 


Cl 1 z+lw +1 
Sa,b{z,W) = -I 1 - 


2: w 


z{w + 1 ) 

1 + z w 
(z + l)(w + 1 ) 


= 1 . 


□ 


Remark 4 . 2 . Perhaps an adjective to point out this behavior of these 
transforms could be to say they are “reduced” transforms. For the 
partial two-variable i?-transform there is a part of it which should be 
called the “reduced” transform, we will use R instead of R for it; 

zw 


Ra,b{z,w) = 1 


Ga,b{Ka{z),Kb{w))- 


Under the factorization assumption in Proposition 4.2 we have Ga,b{z, w) 
Ga(z)Gb(w) and here 


G^,b(F^(z),Kb(w)) = Ga(Ka(z))Gb(KbM) 


so that Ra,b{z,w) = 0 in this case. 


zw 


4 . 4 . Operations applied to probability measures yield signed 
measures. In free probability and free convolution operations yield 
free convolution operations on certain probability measures. The same 
happens with additive bi-free convolution and compact support prob¬ 
ability measures on It seems that for the operations KIKI and Klffl 
and probability measures with compact support on ( 0 , cxd) x ( 0 , cxd) and, 
respectively, ( 0 , cxd) x M one gets only signed measures with hnite total 
variation and integral 1 . This is easily seen from the following consid¬ 
erations. In the hrst case probability measures on ( 0 , cxd) x ( 0 , cx)) with 
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compact support p and v will be the distribution of two two-faced pairs 
(ai,6i) and (02,62) in a C'*-probability space {A,(p) which are bi-free 
and where akAk are > 0 and invertible and [0^,6;] = 0, 1 < fc, / < 2. 
Then the moments (^((0102)^(6162)'^) P > 0 , g > 0 can also be writ¬ 
ten in the form a2a^i'^Y . Clearly 

0^^020^''^^ and lh/‘^h2h\^‘^ are commuting positive invertible operators, 
while the functional 16 on ^ dehned by -0(0) = 

is a bounded functional with 0 ( 1 ) = 1 . This translates into /i Kl Mv 
being a complex measure of bounded total variation and integral 1. 
Similarly for Klffl we consider o*, > 0 invertible, 6^ = 6^, [0^,6;] = 0 
and (oi,6i) and (02,62) bi-free in {A, ip). Then we have that the mo¬ 
ments (^((0102)^(61 -|- 62)'^) can also be written a2a\^‘^)'^{hi + 

h2)'^0‘i^^‘^) or 0((oJ^^O2o} ^)P(6i -1-62)'^) where 0(o) = p{aiaai^^‘^). 
Again the result /iKIfflp, where /i, v are probability measures on ( 0 , cx)) x 
M, is a complex measure on (0, cx)) x R with compact support, £- 
nite total variation and integral 1 . To see that the complex measures 
are actually signed measures, it suffices to remark that the moments 
(^((0102)^(6162)'^) in the hrst case and (^((0102)^(61 -|- 62)^) in the sec¬ 
ond case are real numbers. This is indeed so for the general reason 
that (ofc, 6fc) can be realized, as long as we look only at moments, as 
the multiplication operators in the real Hilbert spaces L^gj(R^, dp), 
L^g3^j(R^, dp) with state vector the constant function 1 . The free prod¬ 
uct of these real vector spaces with state-vector can be then carried out 
over R and the left and right operators we get on the real free product 
have then real moments. 

4.5. The S- and T-bifree partial transforms in the general 
algebraic setting and formal power series. The two-variables par¬ 
tial S- and T-transforms can also be defined in the purely algebraic 
context as formal power series with complex coefficients and the ana¬ 
logues of Theorem 2.1 and Theorem 3.1 remain valid. This is due to 
the fact that these relations boil down to polynomial relations between 
moments under bi-freeness assumptions an that the non-commutative 
variables in the Banach-algebra context are sufficiently general to in¬ 
sure that the polynomial relations hold in general. (Concerning the 
free convolutions handled in very general algebraic settings see [ 4 ].) 
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